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sphere (9, < 0) the interference for a positive triplet (~z 
= 0) will be constructive (~z = 0). Since the amplitude 
of the detour excited wave [yg(9~)D0 ] increases when G 
approaches the sphere (~ Z 0), the intensity first 
increases. Then the phase Oz shifts to zc and the 
interference becomes destructive, i.e. the intensity drops 
below the two-beam intensity. With increasing 9' the 
r.l.p. G leaves the sphere and the amplitude yg(¢)D o of 
the detour excited wave becomes negligibly small and 
the observed intensity is that of the two-beam case. 

For a negative triplet (~z = zc) the situation is 
completely reversed. When G is outside the sphere (~, < 
0) there is no additional phase shift [A(~,) = 0]. Thus 
q~z = re, that means the direct and detour excited wave 
have opposite phases. But for ~, > 0 it is A(9') = zc and 
~z = 0, that means both waves have equal phases. 
Therefore the observed intensity is first decreased 
below and then increased above the two-beam inten- 
sity level. Hence, comparing the intensity profiles of the 
same reflection h involved in a three-beam case with a 
positive or negative triplet the following inequalities 
hold: 

I~-(--y/) > I~(--y/); I~-(~,) < I;(~,). 

The interference phenomena discussed above give a 
physical interpretation of some effects contained in the 
fundamental equations of the dynamical theory. It 
should be pointed out that the superposition of the exit 
waves leads to the Pendell&ung phenomenon and to 
the spatial distribution of the diffracted intensities 
within the fan of beams. These effects are not 
considered in this paper. Whether the intensities of the 
amplitudes add for the exit beams depends on the 
choice of the exit boundary conditions (Batterman & 

THREE-BEAM INTERFERENCE 

Cole, 1964) and therefore on the experimental con- 
ditions (cf. § 2c). 

We gratefully acknowledge useful discussions with 
Professor H. Burzlaff. 
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Abstract 

Mixed ?-brass/fl-brass samples have been examined by 
convergent-beam electron diffraction and electron 
microscopy. This study has led to the allocation of a 
centrosymmetric space group for the regular inversion 
antiphase domain superstructure of ?-brass, and also 
resulted in the identification of a hitherto unreported 
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tetragonal structure for the body-centred cubic ordered 
fl-brass. In the dual convergent-beam/microscopy 
examination of the ),-brass samples, images were 
taken from samples thick enough to give structured 
convergent-beam patterns. The resulting images are 
complicated by beam convergence to the extent where 
only the image symmetry can be interpreted 
directly. 
© 1982 International Union of Crystallography 
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Introduction 

Electron microscope specimens of Cu-rich ?-brass 
prepared for study of superstructures of ?-brass 
(Morton, 1975), were further examined in the JEOL 
200CX microscope, and in a Siemens Elmiskop 1 
convergent-beam camera fitted with a low-temperature 
stage (Dowell & Williams, 1976), in order both to 
inspect the relationship between convergent-beam 
electron diffraction data and image data for relatively 
thick foils, and to make space-group determinations. 

The method of preparing ?-brass samples from a 
nominal composition mixture of 50.35 at.% Zn 
previously reported (Morton, 1974) leads to a matrix of 
'normal' fl-brass, very close to the stoichiometry CuZn, 
in which may be found islands having the ?-brass 
structure with a composition of approximately 57 at.% 
Zn. In such islands the ),-brass is ordered in a 
superstructure with periodicity in the present sample of 
approximately 70 A. This sample allowed the following 
symmetry studies. 

1. Ordered y-brass 

Inversion and antiphase domains 

Two previous studies are relevant to understanding 
the 'inversion antiphase domain' model for ?-brass. In 
Morton (1974) long-period superlattices were analysed 
using bright-field microscopy and selected-area diffrac- 
tion. The period was found to be composition depen- 
dent; in any one macroscopic domain the superlattice 
was found to be purely one-dimensional and parallel to 
one of the (110) directions of the ?-brass unit cell 
(body-centred cubic: a = 8.835 A; space group I43m). 
The superstructure within such a region then con- 
sisted, to a certain approximation, of microdomain 
ribbons of 'normal' 7-brass in a regular antiphase 
domain array (APD structure). The domain boundaries 
were crystallographic shear planes of a particular type, 
having finite width and possibly accommodating a 
higher Cu:Zn ratio than the domains themselves. A 
second study (Morton, 1975) involving dark-field 
observations showed further that neighbouring do- 
mains formed up-down pairs with respect to the polar 
axis in the non-centrosymmetric I43m unit cell. These 
were then properly described as inversion antiphase 
domains, or IAPD's. 

The IAPD model consisted of a regular antiparallel 
array of supposed cubic ?-brass domains, separated by 
narrow regions whose detailed structure remained a 
subject for further study. The present study by 
convergent-beam diffraction was restricted by the fact 
that the probe size on the specimen was relatively large, 
so that it would have been impossible to focus on a 
single microdomain. Nevertheless, it still seemed 

worthwhile to examine the patterns obtained with a 
coarse probe, which would illuminate a large number of 
microdomains, and also include an appreciable volume 
of domain boundary material. 

Alternative projections 

Since the superlattice is formed along only one of the 
six (110)-type directions of the sublattice, only ½ of the 
possible [111] orientations, and ~ of possible [100] 
orientations will show the superperiodicity in the 
zero-layer diffraction pattern. 

When principal projections ([100] or [111] of 
?-brass) are found which do not contain the long cell 
edge, i.e. projections for which the superlattice row is at 
some substantial angle to the plane of projection (45 or 
54°), we find an almost ideal situation for observing the 
effects of a three-dimensional or upper-layer inter- 
action in convergent-beam (CBED) patterns. That is, 
having well-spaced discs corresponding to the sub- 
lattice, which do not overlap, we can observe quite 
dramatic consequences of the inclined 70/i, spacing 
within those discs. Hence, although the space group of 
?-brass is well established as I543m, and cubic, we might 
determine a space group for the superstructure, to see if 
it agreed with that logically deduced for a coherent 
structure 

The first results are shown in Figs. 1-4. These 
patterns were taken in the 200CX in the top-entry 
configuration, and are produced by a relatively large- 
area (~ 1000 A) probe formed by the second condenser 
lens. The small changes in incident angle needed to 
excite different reflexions were obtained by manual use 
of the dark-field tilting coils. 

Fig. 1 shows a [111] zone-axis pattern which has 
hexagonal geometry, but a reduced, lm, symmetry due 
to the ordering along the [101]* direction, out of the 
plane of the projection. This [101]* vector is coplanar 
with the mirror line through the pattern and along its 
[121]* axis. This lm symmetry, evident in a pattern 
exhibiting strong three-dimensional interaction, which 
typically reduces the central beam disc to the overall 
lm symmetry, can be interpreted as corresponding to a 
mirror plane of the structure. 

Fig. 2, in which the 505 reflexion is directly excited, 
demonstrates the existence of a diad axis parallel to 
[10 i] (and perpendicular to the above mirror plane) by 
virtue of the internal mirror symmetry of the 505 disc. 

Similarly, Fig. 3 shows a pair of patterns in which 
the conjugate regions of the 40~,/404 reflexions exhibit 
a pattern identity in an asymmetric intensity distri- 
bution. This is a proof for a centre of symmetry 
(Goodman & Whitfield, 1979) (by chance these 
patterns were taken across the mirror axis: this does 
not negate the test, which follows logically from the 
combination of mirror and diad found in the previous 
two figures). 
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This analysis suggests the space group P2/m, which 
is logically consistent with the overall crystal symmetry 
in which the orthorhombic lattice symmetry is reduced 
by parallel but inclined boundaries (see Fig. 4). 

a 

(a) 

Fig. 1. The [ 111 ] zone-axis pattern from a sample of pbrass, taken 
in the JEOL 200CX electron microscope at the selected-area 
diffraction setting. The superlattice vector, indexed as [1011", 
lies out of the projection of the figure, but has a projection 
[1211", shown as the line m - m ,  in the plane of the figure. 

(b) 

Fig. 3. Obtained as in Fig. 2; the patterns (a) and (b) show the 
404/404 reflexions respectively displaying equivalent asym- 
metric patterns, alternatively in (a) right-hand field (central 
row of reflexions) and (b) left-hand field (beside the shadowed 
marker) respectively. 

Fig. 2. The pattern obtained from that of Fig. 1 b)~ operating the 
dark-field-tilt coils so as to excite directly the 505 refiexion. The 
[I0 i]* vector which is the horizontal axis of the pattern, gives the 
projection axis for the diagram of Fig. 4. 

[" I] |Beom Direction 

/ - [ 12_1] (111) Foces /,/  w 

r n  ,. 

Fig. 4. An idealized model of the antiphase domain structure, 
shown in [10i] projection, with periodicity along l l01l and 
bounded by foil surfaces near (111). I, D and m stand for 
inversion centre, diad axis and mirror plane respectively. The 
[121] vector which is parallel to the [1211" vector in Fig. 1 is 
shown as the projection of the [1011 superlattice vector onto the 
foil surface. Thickened lines (between top and bottom surface) 
represent domain boundaries. 
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The same kind of analysis could be carried out for a 
foil exhibiting (001) boundaries and giving the lm 
pattern symmetry as in Fig. 5(b). Here the mirror plane 
passes through the [100]* vector of the pattern. This 
finding of a monoclinic symmetry for the crystal, when 
the infinitely-extended structure is known to be ortho- 
rhombic, means simply, in the case of a parallel- 
bounded crystal, that we have found a genuine lattice 
space group, but one appropriate to a larger-than- 

minimum unit-cell volume.* (This would of course not 
be true for arbitrarily wedged crystals; hence micros- 
copic polyhedra are not suitable for symmetry work.) It 
is therefore still a valid aid in structure analysis, 
particularly when more than one projection is available. 

With this in mind it is of interest to confirm the 
centrosymmetry of the crystal in this new setting. The 
single pattern of Fig. 6 shows an hkUhki translational 
relationship within the Kossel-line structure, by virtue 
of having overlapping discs (i.e. the zero beam covers 
both hkl and hkl Kossel bands in one setting) and a 
strong and distinctive pattern structure. 

The overall evidence therefore tends to support the 
IAPD model (Morton, 1975) for this structure and is 
consistent with its allocation to the centrosymmetric 
space group Pmna (No. 51) of which P2/m is a 
subgroup. We do not have enough data however to 
make the allocation definite. What we have shown to a 
very high degree of certainty is the existence of a mirror 
plane in the IAPD structure; it follows therefore that 
the displacements between domains at the domain 
boundaries and the domains themselves must conform 
to this symmetry. To a lesser accuracy we have 
confirmed a centre of symmetry which must be located 
in the domain wall. 

(a) 

2. ~-Brass: CuZn 

Fig. 7 shows the results of examination of the ]/-brass 
phase, in the low-temperature convergent-beam 

* The authors are indebted to Mr A. F. Moodie for pointing out 
this elementary fact. 

~k/ h~? 

(b) 

Fig. 5. (a) Point pattern from the [OOl] orientation of ~brass. The 
superlattice vector is along the [101 ]* direction and at 45 ° to the 
incident beam direction. (b) Convergent-beam pattern from the 
same region as (a) showing lm symmetry. 

Fig. 6. The simultaneous excitation of an hkl/hk! pair of reflexions, 
showing a translational relationship of an asymmetric Kossel line 
pattern. 
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camera. In Fig. 7(a) we recognize the normal fl-brass 
b.c.c, selected-area diffraction pattern, in which weak 
100 reflexions (Cu-Zn difference reflexions) appear. 
This would appear to fit the previously reported and 
well-known CsC1 structure for the ordered phase (a = 
2.995/~,; space group: Pm3m). However, Fig. 7(b), 
which shows the convergent-beam pattern for the same 
region at the [001] zone axis, shows a departure from 
Frieders law along the [ 100]* direction, which can only 
be attributed to the existence of a polar axis. Fig. 8 
completes the data with a four-beam pattern, obtained 
by tilting away from the zone axis so as to excite 
simultaneously the 200, 110 and 110 reflexions. The 
symmetry components of this pattern are entirely 

consistent with a structural departure from the CsCI 
structure by movement of the body-centred atom (Cu) 
along the [100] direction by a small amount. This 
would reduce the symmetry to tetragonal, and to space 
group P4mm (No. 99). 

This space group is deduced from the structure 
model, and no higher symmetry can be allocated to fit 
the data in view of the cell size. The complementary 
data of Fig. 8 demonstrates (a) the existence of a 
horizontal mirror plane and (b) the existence of a 
twofold axis parallel to the [100]* vector (this axis is 
assumed to be a component of the fourfold axis). This 
is illustrated in Fig. 9. Taken together with the 
zone-axis pattern of Fig. 7, this removes any ambiguity 
about the existence of a [ 100]* polar axis. 

The above data were collected at 173 K. We therefore 
do not know at what temperature a tetragonal --, cubic 
transition occurs. From electron diffraction evidence so 
far, in fact, it remains an open question as to whether 
such a transition does occur before the well known 
order-disorder transition at higher temperatures. 

(a) 

(b) 
Fig. 7. (a) Point pattern from fl-brass in the [OO1] orientation (the 

very weak difference reflexions, e.g. 100, are just visible). 
(b) Convergent-beam pattern from the same region and orien- 
tation. Note that 200 and 2.00 reflexions, and 110 and i l0 
reflexions, are non-equivalent pairs. 

Fig. 8. The four-beam convergent-beam pattern of fl-brass with 
symmetrical excitation of the 200 reflexion. 

I I10 

m 

Fig. 9. Diagrammatic representation of the symmetry of Fig. 8. In 
this figure, M represents a mirror line of the whole pattern, m a 
mirror line of the 200 disc, J -  an inversion centre for that disc, 
and D is a diad axis for that structure. 
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I I 

1-0 n m  
(,~) 

(b) 
Fig. 10. (a) Image from a medium-thick region of pbrass. 

(b) Diffraction pattern enclosed in the objective aperture, from 
which the image in (a) was taken. 

3. Imaging CB patterns 

As a further interest, since Figs. 1 and 2 were taken in 
the back focal plane of the JEOL 200CX high- 
resolution pole piece, it was decided to examine the 
image symmetry, as part of an extended study of 
combined CBED/image-contrast. A zone-axis pattern 
from a somewhat thinner region than that used for 
Figs. 1-3 was chosen and enclosed in an objective 
aperture (Fig. 10b). This pattern, however, still shows 

I I 

1-0 n m  
(a) 

(b) 
Fig. 11. (a) Image from a thinner region of ),-brass showing 

approximately hexagonal symmetry. (b) Diffraction pattern 
enclosed in the objective aperture from which the iamge in (a) 
was taken. 
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some CBED contrast, and must be from a medium- 
thick 200-300 A region. The lattice image formed from 
this pattern shows a very marked departure from the 
hexagonal symmetry shown in the image of Fig. 11 (a) 
which was obtained with a much reduced beam 
convergence (as in Fig. 1 lb) and from a thinner region 
of the sample. Fig. 10(a) shows an image composed of 
diamond-shaped cells which bear no obvious relation- 
ship to a real-space projection. This phenomenon has 
been reported in summary (Goodman, Moodie, 
Whitfield, Morton & Rossouw, 1982) but without 
showing the corresponding diffraction patterns from 
which the images were obtained. Examination of Fig. 
10(b) shows that reciprocal space is largely filled with 
reflexion intensities, due to the high beam convergence, 
and that we are as much imaging individual reflexions 
as we are imaging superposed orders in the usual 
understanding of (parallel illumination) lattice imaging. 
The superposition of such an amount of angular 
information must be difficult to interpret except in 
terms of symmetry, and this is just an extreme example 
of the phenomenon often noted, that thick-crystal 
images are difficult to match against those computed, 
even when beam convergence is taken into the 

calculation, to some approximation. Fig. 10(b) suggests 
that some of this difficulty must arise from an extreme 
sensitivity to the precise placement of both the 
condenser and the objective apertures, as well as to the 
fact that a substantial background of diffuse intensity 
fills the region remaining between diffraction orders. It 
is noted, however, that the crystal region is still 
substantially thinner than that used for Fig. 1 where 
there is a marked intensity fringe structure within each 
disc. It is well known, however, that angular phase 
modulation appears within the discs at an earlier stage 
of thickness than that required for intensity modulation. 
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Abstract 

With the Debye continuum model an analytical 
expression is derived for the X-ray Debye temperature 
(0 u) of a hexagonal crystal in terms of the elastic 
constants and this expression is used to calculate 0 u for 
hexagonal crystals of 41 elements and compounds. 
Calculated results by numerical integration are also 
presented for the X-ray Debye temperature perpen- 
dicular to the hexad axis, 01, and that parallel to it, 0~j. 
The calculated results are compared with experimental 
values, wherever data are available. A correction factor 
for the effect of dispersion is determined from the 
experimental data. 

Introduction 

The Debye-Waller factor is an important parameter in 
the description of a solid entering into the analysis of 
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numerous solid-state properties (Blackman, 1955; 
Maradudin, Montroll, Weiss & Ipatova, 1971; Willis & 
Pryor, 1975; Wertheim, 1968; Lipkin, 1961)including 
the scattering factors for X-rays, neutrons and 
electrons (both in electron diffraction and the incoher- 
ent scattering of conduction electrons) in addition to 
the recoilless fraction in M6ssbauer experiments. 

However, there is a scarcity of experimental data on 
Debye-Waller factors or equivalently X-ray Debye 
temperatures in the literature, particularly in the case of 
non-cubic crystals. This scarcity may be ascribed, at 
least in part, to the numerous difficulties in the 
collection and analysis of the appropriate data (Herbs- 
tein, 1961), which are compounded for non-cubic 
crystals by the fact that in such systems the Debye- 
Waller factors are anisotropic. In the analysis of results 
based on X-ray and neutron diffraction, corrections are 
necessary for thermal diffuse scattering. These are 
complicated by the fact that the thermal diffuse 
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